IDENTITIES INVOLVING THE COEFFICIENTS OF
A CLASS OF DIRICHLET SERIES. II

BY
BRUCE C. BERNDT(*)

1. Introduction. Let ¢(s)=>:_; a(n)A;* and ¥(s) be Dirichlet series satisfying
a functional equation of the form

(1.1) [7(s)d(s) = T™(r—s)(r—s),

where m is a positive integer and r is real. Several authors (e.g. see [2], [5], and [6]
and the references there given) have derived identities for 3, <, a(m)(x—A,)%,
where ¢ is real. On the contrary, only in a few special cases have identities been
given for 2, <, a(n)log? (x/A,). In this paper we derive identities for the afore-
mentioned sum when ¢ is a nonnegative integer and ¢ is a Dirichlet series belonging
to the same class as that studied in [2]. We conclude with several examples involving
well-known arithmetical functions.

Throughout the sequel we let s=o+it with o and ¢ both real. If ¢ is real, we
denote the integral 57! by [,. The summation sign 3 appearing with no indices
will always mean > ,. J,(x) always denotes the usual Bessel function of order v.
¢, ¢, and ¢, 0 S n< oo, always denote constants, not necessarily the same with each

occurrence. Also, g always denotes a nonnegative integer.

2. Definitions and preliminary results. The following definitions and lemmas
will be important in the sequel.

DErINITION 1. Let {A;} and {u,} be two sequences of positive numbers tending
to 00, and {a(n)} and {b(n)} two sequences of complex numbers not identically zero.
Consider the functions ¢ and ¢ representable as Dirichlet series

$(s) = 2 amAs,  (s) = D b(mus®

with finite abscissas of absolute convergence o, and o¥, respectively. We say that
¢ and ¢ satisfy functional equation (1.1) if there exists in the s-plane a domain D
which is the exterior of a bounded closed set S such that in D a holomorphic
function x(s) exists with these properties:

(i) X(s)=T"(5)$(s), o> 00 x(s)=T"(r —s)f{r—s), o <r—o¥.

(ii) If y=0¥+p—1/4m, where the positive integer p and u are chosen so that
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y>max (0, ., 0¥) and S lies outside R={s : r—y<o<wy, |t|Z7}, but in r—y<
a <y, then for some constant <1,

2.n x(s) = O(exp [exp (0|s|/(2y—r)))),
uniformly in R as |s| — co.
LEMMA 2.1. We have
IC(s)| ~ (2m)*2]1]7 =12 exp (—d|1]),
Jor fixed o, as |t| tends to .
LEMMA 2.2. For ¢>0andgq20,

1 x°

ﬁ(c)FdS=O, 0§x<1,

=log?(x)/g!, x2z1,
except when x=1 and q=0 in which case the result is 1/2.

Lemma 2.2 is a consequence of [4, Lemma 3.62, p. 78].
DEFINITION 2. Let ¢(s)=2 a(n)A;*. For ¢=0 and x>0, let

S(x;q) = ‘% S a(n) log® (x/A),

* ApSXx
where the ’ indicates that if x=2A, and ¢=0, a(n) is to be multiplied by 1/2.
LEmMMA 2.3. For ¢>max (0, a,),

1 5)x°
S(x;9) = 5— o ——"bs(qzl ds.

This result is an easy consequence of Lemma 2.2.
DEFINITION 3. For u, v>0 and ¢ =0, define

—1)y log’ ulog®7v

s(u, v;9) = i {
i=o

Jg-)
For ¢>0 we observe
2.2) os(u, v; q)/ov = s(u, v; q—1)/v,
2.3). os(u, v;q)fou = —s(u, v;q—1)/u,

and

(2.4) s(v,v;9) = 0.
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DEFINITION 4. Let k and m be positive integers with k <m. If min (g, v)+3/2>0,
define

Kv(x; s mk) = J; u;;'—_ul—l Ju(um-l) dum-l’ : J; ulvc“““1 Ju(uk) duk
'J; Uty Jy (- 1) Aty -1+ - 'J; ui W) (x[uy - -t o) duy.

For k=1, let K,(x; u; my)=K,(x; p; m), as in [2]. For m=1, K,(x; p; 1)=J,(x).

LeEMMA 2.4. For 0<c¢<min 4(p, v)+3/4,

1 22ms (m=ku—-kv- m+11“m(s)x-2s
XKL = 55 )6 TR T=s) %+ I—5)

Lemma 2.4 is a consequence of a general theorem on multiple Mellin transforms
(see e.g. [14, pp. 53, 60 and 196])).

LeMMA 2.5. For min (u, v)+3/4>0,

[
K,(x; p; my) ~ xW0-wm=io-m+1/21im Z cax ™M cos (mxtm + ),
n=0

as x — oo,

Chandrasekharan and Narasimhan [7, Lemma 1] have proven a similar result,
and the proof of Lemma 2.5 follows along the same lines as their proof.

LEMMA 2.6. As x — 0, K,(x; u; m)=0(x").
This is a consequence of the fact that J,(x)=0(x") as x — 0.

LEMMA 2.7. Let q be a positive integer and £,>0, 1 £j<q. Then,

® %f d'f‘f wK,(u; u; m) du
i2 31

&q fq-l
= (=17 r u'K,(u; p; ms(u, £,;9—1) du,
]
provided a < [(u—v)(m—1)+1/2])/m.

Proof. We use induction on g. If g=1, the result is trivial. Assume that for =2,

fw .‘!EJ. dglf uK,(u; u; m) du
¢ &2 &

q-1 §1—2

= (~1y-2 f wo Ko m)s(u, £q-1;q—2) du.
$-1
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Multiply both sides by 1/¢,_, and integrate over (£,, ) to obtain

(I'fq-l”.f [g_lf uK,(u; n; m) du
t Eao1 & & &

= (=1)2 ‘-{@f utK(u; ps m)s(u, €4-159—2) du
&q q-1 §g-1

= (_1)‘1‘2f uK,(u; p; m) du A
& &g 27

(W, é-159—1)dé,_,

=(—])"‘1J; WK, (u; p; ms(u, £;9—1) du,

upon the use of (2.2) and (2.4). The interchange in order of integration is valid by
a theorem in [8, p. 349].

LEMMA 2.8. Let q be a positive integer and ¢;>0, 1 £j<q. Then,

& & &, %,
L ZESO zﬁf u*K,(u; p; m)du = f uK(u; s ms(u, &g q—1) du,
0 gq—l 0 fl 0 0
provided a+v+1>0.

The proof is analogous to that of Lemma 2.7.
LEMMA 2.9. We have

d[x"K,(x; p; m)]fdx = x'K, _1(x; 5 m)
and
d[x’K,(x;v—1; m,))/dx = x* K, (x;v—1; m_,).

These formulas are easily derived from Lemma 2.4.

LEMMA 2.10. Let q be a nonnegative integer and suppose b=ma+ (v—p)(m—1)
—1<0. Then, as £ — oo,

f u'K,(u; p; m)log® udu
&
o min(n,q)
~ (3, TS logt =k c exp mg ™) i exp (= img ).
n=0 k=0
Proof. In view of Lemma 2.5 it is sufficient to examine

©
f u®-m+im [009 y exp (imu'™) du
&

]
=c J u’ log? u e du
m

met!

n-1 min(j,q) [ q
exp (imgYm) Z go-pim z Ci Iog""‘§+cf ub-n z c;log?~7 ue™ du,
ji=0 i=0

k=0 m:”"'

upon n=gq integrations by parts, and the result follows.
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LeEMMA 2.11. Let q be a nonnegative integer and suppose a+v+1>0 and b=ma
+(—p)(m—1)—1/2=0. Then, as ¢ — oo,

z
J wK,(u; u; m)log? udu
0
b1 min(n,q) )

= o)+ f”’"‘( Z §-mim z log?~* £&(c, exp (im&'™)+ ci exp (—imér™))
n=0 k=0

where [b] denotes the greatest integer less than or equal to b.

Proof. In view of Lemma 2.5 it is sufficient to examine

4
f y-m+bim logq u exp (imullm) du
1

melim
=c J b log? u e™ du
m
n-1 min(f,q)
= c+exp (im&m) Z £o-Dim z ¢ loga=*¢
j=o k=0

melim minn,q)
+f uw-r Z c;log* 7 ue™ du
m i=o0
n-1

min(j.q)
exp (imgm) > £o-nm % o, logt=*é+0(1),
i=0 k=0

i=

upon n=[b]+1 integrations by parts. The result now follows.

3. The identities for S(x, q).

THEOREM 1. Let ¢ satisfy Definition 1 and choose y>r. Let x>0, £=2™(u,x)'?,
and q a positive integer such that q>2mo¥ —mr—1/2. ,

(i) Suppose g<m. If m=2, assume r> —1/2 unless q+1=m in which case we
only require r > —3/2. Then,

x r/2
@3.1) S(xiq) = RO )+20 3 b)) Kkt =1 )
where the series on the right-hand side converges absolutely and

1 s)x°
R ) = 5 [ B as

where C is a curve, or curves, encircling all of the singularities of $¢s)[s**.
(ii) Suppose qzm. If m=2, suppose r> —3/2. Then, if ¢>mr—1,
S(x;q) = R(x;q)—22-m=n

3.2 -m @
(3.2) Z M (xq—mf uraEmIK s v m)s(u, € q—m) dll),
&

pndxa=m

where the series on the right-hand side converges absolutely.
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Note that if o¥ Zr in (ii), the condition ¢ >mr—1/2 is redundant.
Proof. Let y>r be as given in Definition 1. By Lemma 2.3 for ¢=0,

1 [ () .
3.3) i )y 57T ds = S(x;q).
Consider the integrand on the left-hand side of (3.3) and integrate around the
rectangle with vertices y +iT and r—y + iT, where T is chosen large enough so that
S is entirely contained within the rectangle. Since y > o, ons=y+it, §(s)/s** = 0(1)
as |t| — co. Using (1.1) and Lemma 2.1, we have on s=r—y+it, since y > o¥,

¢(S) — I""(r—s)n/J(r—s) — O(lt|2my—mr—q-1) = 0(1),

sq+1 - [‘m(s)sq+1

as [¢| — oo, provided g > 2my —mr — 1. Hence, from (2.1) and a Phragmén-Lindelof
Theorem [9, p. 109], the integrals along the horizontal edges tend to 0 as T — 0.
Thus,

1 $(s)x°
3.49) i )y ST ds = I(x)+ R(x; q),
where
1 $s)x ds.

I(x) = 5= 2mi Jo_y 57T

Replacing s by r—s, using the functional equation, and interchanging the order of
summation and integration by absolute convergence if ¢ >2my—mr, we arrive at

oy =320 L[ D))

(3.5 w2t Jop TP(r—s5)(r )"

Suppose g <m. Then, using Lemma 2.4, we have

b 1 I™(5) o)~
I(x) = Z ul 2mi o TP (=)D (4 1 — s)

(3.6)
= 253 b)) K@% =1 ),

provided r> —1/2 if m=2. However, if g+ 1=m, we only need r> —3/2 since
K(z; r—1; m,)=K/(z; r; m). Combining (3.3), (3.4) and (3.6), we have shown (3.1)
for g>2y—rand g=0.

But, by Lemma 2.5,

I(x) = O(xtmr-a-1/2/2m Z Ib(n)lf"n_ (mr+a+1/2)/2m)
= O(x(mr -q- 1/2)/2m),

provided gq>2mo¥ —mr—1/2. Thus, I(x) converges absolutely and uniformly for
q>2mo¥ —mr—1/2. By 2mp differentiations with the help of Lemma 2.9, (3.1) is
then upheld for g >2mo¥ —mr—1/2 and ¢=0. However, the uniform convergence
of I(x) for g>2me¥ —mr—1/2 implies that the 2mpth derivative is continuous.
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Hence, S(x;q) is continuous, and ¢ >0, since S(x;q) is discontinuous on (0, o)
for g<0.
Assume now that g=m. From Lemma 2.4,

1 22ms mr— q+11"m(s)u—2s

-r—-q+m
(3.7) u Kesanltirsm) = 5 | oG T=s) N0 g+ T—m—s) =

provided 0 < ¢ < r/2+ 3/4. But, by using Lemma 2.1 and Cauchy’s Theorem we may
move the line of integration to y+it, —o0 <t < o0, provided g > 2my —mr. Multiply
both sides of (3.7) by u®~! and integrate over (£;, ), ¢ >0, provided that
q>mr—1% so that the resulting integral on the left-hand side converges. Using a
standard theorem (e.g. see [8, p. 349]) to invert the order of integration, we find

o

Wt IK (U r; m)du

x

(3.8) 1 ~ l 22ms mr - ql"m(s)fm’ 2s d
T 2w Jo TP N r+ 1=5)D(r+q+ 1 —m—s)(r—s)

provided y>r, g>2my—mr and ¢ >mr—%. Now multiply both sides of (3.8) by
1/¢, and integrate over (£, ©), £,>0. After g—m+1 such integrations and the
application of Lemma 2.7, we find

f déq—m f J‘ u - q+m—1Kr+q_m(u; r; m) du
& &2 3

q-m+1 gq-m

3.9 = (—D"‘"‘L u MKy g v m)S(uy €g-my ;g —m) du

_ (_1)q—m+1 22ms mr— 2q+ml"m(s)£2r m251

B 2mi J‘(y) =Y r+1-s)I'(r+q+1—-m— s)(r—s)“""“ds'

Letting £,_ .., 1= ¢ and multiplying both sides of (3.9) by x?~™, we have

x"‘"‘J; Wt IK o rs m)s(u, £;,q—m) du

(3.10)
_ —2mr—2q+mj> I“m(s)‘u;—sxr+q—m—s d
B 201 Jop T e+ T—5)D(r+ g+ I—m—s)r—s)T- "1
Now differentiate both sides of (3.10) (g—m) times to obtain
A (x"‘"‘ fw uoarmolg (u;r;ms(u, £,g—m) du)
dxq—m c r+q-m\Hs 7y s S
mr-2q+m m \r—s
@11 - T7(5)(nY) "

2ni o I™(r+1—s)(r—s)—m+1

By a well-known theorem (see e.g. [13, p. 59]) these differentiations are easily
justified if g >2my —mr. Substituting (3.11) into (3.5) and combining it with (3.3)
and (3.4), we arrive at (3.2), provided ¢ >2my—mr and g=0.
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However, with the aid of (2.1), (2.3) and Lemma 2.10, we find

dinm ®
pee] (x"""L WwormEIK (U m)s(u, £;9—m) du)

© q—-m
= [T K i rim) 3 st ¢34) du
k=0

—_ 0(£(mr -q-1/2)/2m Iqu - mg)
Hence,
I(x) = O(x‘mr=2-12i2m |gga-m x)

provided g >2mo* —mr—1. Since I(x) converges uniformly for g >2me¥ —mr—1,
by 2mp differentiations the validity of (3.2) is upheld for g > 2mo}¥ —mr—4. Again,
the uniform convergence implies ¢ > 0. This completes the proof of Theorem 1.

In many cases the identity (3.2) can be greatly simplified. We illustrate this in the
following

THEOREM 2. Let the hypotheses of Theorem 1 be satisfied for q=m, except that
the condition q>mr—% is replaced by r<1+1/2m. Then,

(B.12) S(x;q) = R(x;9)—2"™" 1%7) r w1 K (u; r; m)s(u, £5.9—m) du,
n J&

where the series on the right-hand side converges absolutely.
Proof. We derive (3.5) as before, but now we consider

_1— 22ms—mr-—m+11"m(s)u—23 s
270 J o I'r+1-s) ’

(3.13) u 'K (u;r; m) =
provided 0 <c<r/2+ 3/4. Proceeding as before, we find

r K (u; r; m)s(u, €5 q—m) du
4

(3.19) _ _2mr—q () (nx)"~* &
2w Jio I™(r+1—5)(r—s)r ™17

provided ¢>r, g>2mc—mr, and r<1+1/2m so that the integral on the left-hand
side converges. By Lemma 2.1 and Cauchy’s Theorem we can move the line of
integration of the integral on the right-hand side of (3.14) to y+if, —co<t<o0,
provided g > 2my — mr. Substituting (3.14) into (3.5) and combining it with (3.3) and
(3.4), we have established (3.12) if g > 2my —mr.

Now integrate by parts (g—m) times with the aid of Lemma 2.9 and (2.3). The
integrated terms always vanish because of (2.4) and the fact that r<1+1/2m.
Thus, we find that

f u K (us vy m)s(u, §5.9—m) du
4
-] q—-m
= f umarm1K (s m) z e sS(u, €; k) du
4 k=0
= O(§(mr-q-ll2)/2m logq—m f)’
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by Lemma 2.10. Hence,
I(x) = O(xtmr—a-12i2m |gga=m x)

provided that ¢ >2mo¥ —mr—4, and the validity of (3.12) follows as before.
The following theorem gives an analogous identity to (3.2) in the case that
qs=mr—1%.

THEOREM 3. In the same notation as Theorem 1, assume that q>2mo¥* —mr—1%
and m=<q<mr—1%. Suppose also that 0<y<r. Then,

(3.15) S(x;q) = R(x;q)+2“'""z %ﬁ') .F W K (u; r; m)s(u, £€;q—m) du,
n 0

where the series on the right-hand side converges absolutely.

Proof. Consider again (3.13) and multiply both sides by u?"~!. However, now
we integrate over (0, &), £, >0, to obtain

L 1 2m(2s—r—1)1"m(s)§21-’f-23
r—1 . . —_ —
.[) WK v m) du = 270 Jo, I™(r+1—=s)(r—s) &

provided 0 <c<r. After g—m+1 integrations and the application of Lemma 2.8,
we have

f‘dfq—m‘.‘ zg&fﬁ ur—lK(u’r'm)du
.___.gq_m . AU, T,

0 0 fl
(3.16) = f{ K (u; r; m)s(u, €;q—m) du
0

—L 22ms-mr—ql“m(s)§2r—23
27 o PMr+1=s)(r—s)e "1

provided 0 <c<r. Again, we move the line of integration to y+it, —co<t<oo,
y <r, with the aid of Lemma 2.1 and Cauchy’s Theorem, provided that g > 2my —mr.
Substituting (3.16) into (3.5) and combining the result with (3.3) and (3.4), we have
proven (3.15) for g > 2my —mr.

However, upon g —m integrations by parts with the use of Lemma 2.9, Lemma
2.6, (2.3) and (2.4), we arrive at

4
f w T K (u; r; m)s(u, €; q—m) du
(1]

= J: WK s v m) qim cs(u, €; k) du
— ogmemmiogng,

by Lemma 2.11, provided that g < mr—4. Thus,
I(x) = O(x‘mr-a-1/2/2m |gga-m x)

provided g>2mo¥ —mr—14. As before, (3.15) is then valid for g>2mo¥ —mr—14.
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COROLLARY 1. Under the hypotheses of Theorems 1-3, if g<m,

S(x; q) = R(x; q)+ O(xmr—a-12i2m).
ifgzm,
S(x; q) = R(x; q)+ O(xtmr-a-12i2m Joga=m x)

Richert [12] has obtained big O-estimates for S(x; ¢) for a large class of Dirichlet
series. The functional equation satisfied by Richert’s series is more general than
ours, but he requires that ¢ =4 and that ¢ be entire.

We now wish to establish identities (3.1), (3.2), (3.12) and (3.15) for the smallest
possible value of g.

THEOREM 4. (i) Let g <m and suppose that for o> o¥,

by 1 | = ol1)

k2mZpun < (k + h)2m

sup
0=h=1

as k — co0. Then, (3.1) is valid for q>2mo¥ —mr—3/2. The series on the right-hand
side of (3.1) converges uniformly on any interval for x >0 when g > 0. The convergence
is bounded on any interval 0 < x, < x < x5, <00 when q=0.

(i) Let g=m and suppose that for o> ¥,

b(n)ug 7*12" log?™™ p, | = o(1)
k2Mm S pp < (k + h)2m

as k — . Then, (3.2), (3.12) and (3.15) are valid for q>2mo} —mr—3/2, and the
respective series converge uniformly on any interval, x> 0.

sup
0sh=1

The proof of Theorem 4 is similar to the proof of Theorem 4 in [2], and we omit
the details. We use Lemma 2.5 in the extension of (3.1), Lemma 2.10 in the exten-
sions of (3.2) and (3.12), and Lemma 2.11 in the extension of (3.15), and then
proceed in exactly the same manner as in [2].

4. Examples. In the following we do not concentrate on examples for g=0,
because these identities are identical to the ones given in [5] and [2] for =0 there.
Most of the identities given in the examples are new.

ExaMPLE 1. Consider =~5{(2s), where {(s) is the Riemann zeta-function, which
satisfies Definition 1 for m=1, r= 1, Ay=p,=mn? and o,=1. {(s) has a simple pole
of residue 1 at s=1. Replacing x by #x? and noting that J,,5(z)=(2/wz)'2 sin z,
we have from Theorem 2 for ¢ >0,

z log? (x/n) = q'x+ i (q.)l‘”(O) log?~7 x
=0 \J

nsx

gl L (" sinu .
- Z 7 Tu s(u, 2mnx; q—1) du.
By Corollary 1, the series on the right-hand side is O(x~%log?~* x), but this term
may be easily replaced by an asymptotic series. We shall work out the most
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important case of g=1, but the method is applicable for any positive integer.
Since {(0)=—4% and I'(0)= —4 log 2=, we see that after several integrations by
parts,

Z log (x/n) ~ x—— log 27x

1 Z (cos 21mx sin 27nx 2! cos 2nnx 3! sin 2mnx B )
2mnx (27rnx)2 (2mnx)® (2mnx)*
But,
cos 2mnx 2n)% .
- 2= = 5@yt Bae=bD,  j=12..,
and
sin 27nx 2m)?1-1 .
(1 3 s Bumle= ), =23,
where By(x) is the jth Bernoulli polynomial [1, p. 805]. Thus,
By(x—[x])
1 ~ X—= lO 2 j—,——-_—
n;c og (x/n) ~ x g 2mx — 122 G=Dj

This result may also be obtained from the Euler-Maclaurin formula.

EXAMPLE 2. Let ¢(s)=n"25{%(2s), where here m=2, A\,==*n® and a(n)=d(n),
where d(n) denotes the number of divisors of ». Since [15, p. 184],
f u~tsinusin x*fudu = g Yo(2x) + Ky(2x),

]

where Yy(z) and K,(z) are the Bessel functions usually so denoted, and
U{s) = (=D~ +y+0((s-1)),

where y denotes Euler’s constant, we have from Theorem 1 for g=1 upon replacing
x by #2x2,

2 d(n) log (x/n) = x(log x— 2+2y)+ log 4=%x

nsx

+am 2 2 [ ¥ty +2 Kol
This identity was first proven by Oppenheim [11].
By Theorem 2 we have for ¢ =2, upon replacing x by #2x2,

2 2 d(n) log? (x/n)

q: nsx

— — l S (4 ij*z a-
= x(log x (q+l)+2y)+q! Zo(j){dgji(s)}“olog Ix

n 4n®nx

o Z d(n) u=s(u, 4nnx; g—2) [ Yo(u''?) + 1_27_ Ko(2u”2)] du
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We may also write down identities involving di(n), where di(n) denotes the
number of ways of expressing n as a product of k factors.
ExampLE 3. The classical function A(z) is defined by

A(z) = ez n (1 — e2ninz)2e, Imz > 0.
n=1

Consider for k >0,
A¥12(z) = e2mikzl12 Z a®(n)e2mitn -z,
If k=1, AY2%(z)=n(z), the classical eta-function; if k=12, A(z)=2 r(n)e*""z,
where 7(n) denotes Ramanujan’s arithmetical function. The associated Dirichlet
series (2m)~° > a®(n)(n—1+k/12)~¢ satisfies Definition 1 for m=1, r=k and
a,53(k+1), and the analytic continuation of the series is an entire function.
Replacing x by 2#x, we have from Theorem 3 for 1 Sg<k—1,
75 3 @) log" (/)
* AnsSx
= 2(4m)F 3

where A\,=n—1+k/12. In partlcu]ar, for k=12,

T(n) 4n(nx)1/2

‘% Z 7(n) log? (x/n) = 2%(4m)~12 Z ). g, (w)s(u, 4m(nx)*?; g—1) du,

(k) 4n()\nx)1/2
e oA )y ()2 g — 1) dl,

provided 1 £g=<11. Using Theorems 1 and 2, we may write down other identities
as well. In particular, if k=% and ¢=0,
) 1 a®(n) .
Aé:x a?(n) = 3, /\1,2 sin (4m(A,x)1'2),

where A, =n—23/24.
ExampLE 4. Let {,(s) denote the Epstein zeta-function defined by

L(s) = 2 nmn=s, k22
where r,(n) denotes the number of integral solutions to the equation n3+n3+ - - -
+n2=n. w5 (s) satisfies Definition 1 with m=1, r=k/2 and o,=k/2. {;(s) has a
pole at s=k/2 with residue #*/2/T'(k/2). If k=2, we may apply Theorem 2 to obtain
forgz1,
a
% Z ro(n) log? (x/n) = nx+ % Z (3.){‘{’(0) log?=7 x

* nsx ji=0

_247 2. ran) J1()s(u, 2m(nx)*'?; g —1) du.

n 2n(nx)}/?

Since {,(0)= —1, for g=1,
z ro(n) log (x/n) = mx—log x+5(0) _711 Z erIn) Jo(2m(nx)*2).

Miiller [10] and Carlitz [3] have previously shown that
z rz(n) lOg N/n = 17'N_10g N+C‘+O(N_”4),

nsN
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The error term is a consequence of Corollary 1 in our work. Oppenheim [11]
indicated that he was able to obtain an identity for 3, ro(n) log (x/n), but he
does not give it.
For k>2 we may apply Theorem 1 to obtain for g>4(k—1),
Pl Z ri(n) log® (x/n)

_ 2 q+1 (ﬁx)k/2 i q ) - ; 2q 1
() Fomra 2 (o g
DB (xR i 2000 g ) ).

By Corollary 1, the series on the right-hand side is O(x®* =22~V Jog?-1 x),

ExaMPLE 5. Let k be an even integer and consider f(s)={(s){(s—k+1)=
> op—1(m)n=s, where o, _1(n)=>4, d*"1. Then (2m)~%f(s) satisfies Definition 1
with m=1, r=k, b(n)=(—1)*"20,,_,(n) and o,=k. By Theorems 1 and 4 we have
for g2 max (1, k—3/2),

253, 9eean) log? ()

_ lgﬂ’ik += i ( ) 19(0) log?~! x+(_l_)zT+_—:;?2q_l
de-

g (n) - .
3, 2B £2 1( L Ve a5 41r(nx)1’2,q—l)du).

ExaMPLE 6. Let K be an algebraic number field of degree r,+2r,, where r;
denotes the number of real conjugates in K, and 2r, the number of imaginary
conjugates. The Dedekind zeta-function {x(s)=>, F(n)n~*, where F(n) denotes the
number of nonzero integral ideals of norm » in K, satisfies the functional equation
£(s)=¢£€(1—5), where &(s)=T"1(3s)["2(s)B~5{x(s). Here B=2r2q"/2*72|A|-1/2
where A denotes the discriminant of K. {x(s) converges absolutely for ¢>1 and
has a simple pole at s=1 with residue Ak, where A=2"1*"2n"2R/w|A|*? and A
denotes the class number. R denotes the regulator and w the number of roots of
unity in K.

Suppose, first, that r; =0, so that K is purely imaginary. If g=r,—1, we have by
Theorems 1 and 4,

71 3. Fln)log (x) = Ahx+q 3 (¢)w@1og

X

1/2
+20 3 Fo)(2) K@ B 1304 ),

For g=r,, we have by Theorem 2,

%’gx F(n) log® (x/n) = Ahx+ ql Z (CJJ-)C%’(O) log?~7 x

_zEr Z Fom (* Ki(u; 1; m)s(u, 2"B(nx)'?; g—m) du.

B n Jampmxt!/?
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In particular, if r,=1, i.e. K is an imaginary quadratic field, and g=1, the above
identity yields

S Fn) Log (x/n) = Mx-+5(0) log x+ (@)~ 5= 5 O s anaxfi o).

nsx

If K is a real field we may also write down identities analogous to those above.
In particular, for a real quadratic field and g=1 we obtain from Theorems 1 and 4,

>, F(n)log (x/n) = Mx+x(0) log x+£x(0)

nsx
1/2
A3 5 T [y amtur A1) 2 Kints A1)
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